ENG’'INSA - INSA TOULOUSE - MATHEMATICS TERM 1
20235-2024

EXERCISE SHEET - MATH 1

1 Use of the ) sign

The aim of this section is to introduce the )  notation and its main properties
(permutations, change of index, telescopic sums .. .)
Let m,n € Z such that m < n. We introduce the notation [m;n] which translates as
the set of the intergers between m and n i.e.

[m;n] :={m,m+1,....n—1n}={ke€Z|m<k<n}.
We recall that card ([m;n]) =n—m + 1.

Definition 1.1. Let I = [m,n] with m,n € Z and m < n, and let (z;);e; a family

od real or complex numbers indexed by I. We denote »_ xy or >, xyp the sum of
k=m m<k<n

elements in the family (x;)ier. The expression » xy reads as "the sum for k from m
k=m
ton os x indexed by k.

Mathematically this notation designates the sum x,, + Tyi1 + -+ = .

Remark 1.

n
1. The number Y z; depends on m and n, it does not depend on k.
k=m
2. The index k in the sum is called the dummy variable. The choice of summation
index is completely arbitrary, we could choose any letter except of course those
n
that already have meaning. For example, writing > x,, does not make sense, as

n=0
n appears as both a bound on the sum’s index and as the sum’s dummy variable.



Exercise 1.1 (%).

6
1. Compute A= > 1.

i=0
2. Rewrite the following sums using symbolic notations

(a) Sy =In(2)+I@B)+---+In(n); () D=1+45+5++---+1

b 1+23+---+ ?;

((Cg 0343 --+plOO3' (f) E = cosv/2+cos2v/2+- - -4cos 9v/2
(d) C=1>+3>+...+101%; () F=2+14+24+1424... 42

Proposition 1.1 (Linearity of the sums). Let m,n € Z such thatm < n. Let ay,, Gy, - - -

b, bit, ..., by be any real or complex numbers. We have that

Zak—i-bk Zak—l—Zbk
k=m

and for any real or complex \
pSETRES oo
k=m k=m
Exercise 1.2 (x).
3
Let xg, z1, %9, 23 and x4 be any real or complex numbers and B = > z. Express the

k=0
following sums as functions of B.

3 3 3
— (Zxk> +1, D:Z(:ck+1)7 Ezzxkﬂ
k=0 k=0 k=0

Remark 2. In general,

o () ()

k=m k=m

Futhermore, as the summation is associative and commutative, we can group our
sums into smaller and/or sum in the order that we want.

Proposition 1.2 (Chasles relation). For any j € [m;n], we have

Zak Zak—l— Z ag
k=m

k=j+1

7a’n}



One very useful technique for dealing ith sums is the change of index. This is detailed
in the following Proposition.

Proposition 1.3 (Change of index). Let m, p and n be three positive integers such that
m < n.

Let apim, ..., Qpm be real or complex numbers. Then
n n+m

E Ak+m = E (Ij.
k=p Jj=pt+m

It is said that we have performed the change of index j =k +m in the sum > Gpym-
k=p

Remark 3. Once we become used to these manipulations, we simply write that

n n+m
E Ak4m = E Qg
k=p k=p+m

and specify that we have performe the change of index k < k + m.

Exercise 1.3 (x).
Let n € N*. Perform a change of index in

10
1. the sum ) ﬁ to sum 75 terms;
k=2

100
k

2. the sum ) ;== so that the sum begins at index 0;
k=—4

n+2 k3
3. the sum 1;—4 (,f_—g)Q

Using both the linearity of the sums and a change of index we show the following
property.
Proposition 1.4 (Telescopic sums). Let m,n € Z such thatm < n. Let @y, a1, - - -, Gy
be any real or complex numbers. Then

n

> (k1 — ) = app1 — ap,

k=m



Exercise 1.4 (*).

1. Compute i In (k—il)
k=1

2. Prove that N
d kekl=(n+1)-1
k=1

(Hint : use the famous mathematical magic trick k = (k+1) — 1)

Proposition 1.5 (Summing the n first positive integers). Let n € N* then

n(n—i—l).

Spi=1+2++n=> k= 5
k=1

Exercise 1.5 (% * x).

1. Let x — P(x) be a function : give a simple formula for the sum

n

> (Pk+1)— P(k)).

k=0

2. We set P(z) = 22, Give two different expressions for the sum A defined as
A=Y ((k+1)° k).
k=0

Deduce S := > k.
k=0

3. We set P(x) = 3. Give two different expressions for the sum B defined as
B:=> ((k+1)"—&).
k=0
(2) . N~ g2
Deduce Sy” = > k.
k=0
4. Use the strategy given in this exercise to compute 57(13) = > k.
k=0

Exercise 1.6 (%x).
Compute the following sums

A:zn:(k—f—l), B:zn:(2k+1), C’zi(k‘—?) and D:zn:(nk—l).

4



One of the most well-known sum is the geometric sum defined in the following
property.

Proposition 1.6 (Sum of the terms in a geometric sum). Let ¢ be a real or complex
number and n a positive integer then :

1L Ifqg#1,
n . qn+1 -1
L
k=0 q
2. Ifq=1,
qk = l=n+1
k=0 k=0
Exercise 1.7 ( *x).
Compute the following sums
n n+5 2n—1 n
k
A=>"2" B=> 2 C=> 2" and D=>)» 27"
k=0 k=10 k=0 k=0

Proposition 1.7. For any integer n and any two real or complex numbers a and b we
have the following formula

at Tt — pntl — (a _ b) > Zakbnfk.
k=0
Exercise 1.8 (% * *).

1. Prove the previous proposition by expanding the right hand terme and using a
change of index.

2. Use the formula from the proposition to compute, for any z € R\ {1}, > .
k=0

3. Compute the following sums

A — Z 2k310+n—k and B = Z(_l)k2n—k
k=0 k=0

Exercise 1.9 (% * x).
Newton’s binomial

1. Use an induction reasoning to prove that for any (a,b) € C* and any n € N,

(a+b)" = Xn: (Z’) aF b = zn: CEakpn*,

k=0 k=0



2. Let n € N*. For any real number x, we define

f(@) = (L+a)"

(a) Write f(x) as a sum of powers of x.

(b) Compute the derivative of f at = 1 and its integral over [0, 1] using its
definition and using its power expansion.

(c) Deduce the value of the following sums :

. n - 1 n

(d) Adapt this method to compute Y k(k—1) (Z) Deduce the value of Y k2 (2)

k=0 k=0

Exercise 1.10 (x % *).
For any n € N and z € R, let C),(x) and S,,(z) be defined as follows :

Cu(z) = Zcos (kz) and S,(z) = Zsin (kx)
k=0 k=0

1. Compute C),, and S,, when z is a multiple of 27.

2. Suppose that x is not a multiple of 27. By computing U, (z) = Cy(z) + © .S, (z)
find the value of C,(z) and S,,(x). (Here 4 stands for the complexe number such
that 12 = —1)

Definition 1.2. Let I = [m;n] x [p;q] with m,n,p,q € Z and m < n, p < q and
(ko) (e0er @ family of real or complex numbers indexed by I. The sum of term of the
family () 0)er is written as

iixm = Z Tke

k=m {=p m<k<n
p<l<q

Proposition 1.8 (Permutation of sums). Let (x; ;)1<ij<n be a family of real or compleze
numbers, then :
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Exercise 1.11 (*x).
Compute the following sums

n n

A=>"3"ij and B= >  ij

i=1 j=1 1<i<j<n

Exercise 1.12 (x % x).
Let n € N. Compute the coefficient of the polynomial

n

P(z) =) (1+2)"

k=0



2 Linear second order differential equations with constant
coeflicients

Exercise 2.1 (%).
Compute the solutions to the differential equation :

y'(x) — 4y (z) + 3y(z) = g(x),
in each of the following cases :
L. g(z)=a+1. 3. g(z) =e".
2. g(x) = e**. 4. g(z) =2(x + 1) + 3e™.

Exercise 2.2 (%).
Compute the solutions to the differential equation :

y" () + 2y (x) + dy(z) = g(x),

in each of the following cases :

1. g(z) =3. 2. g(x) = xe .

Exercise 2.3 (x).

2. Compute the set of solutions to y"(x) + 6y'(x)
3. Compute the set of solutions to y"(x) + 6y'(x)

Exercise 2.4 (%x).
We consider a masse m hanging on a spring and immersed in a fluid. We suppose that
the mss is subject to a unique vertical displacement. We denote as x the algebraic
displacement with respect to the equilibrium position. We denote as k the spring’s
stiffness coefficient ans as « the fluid’s friction coefficient. These are both considerer to
be positive.
Forces acting on mass m :

e the spring’s tension : T = —kxe,,

e friction due to the fluid : F = —Qxe,,.
Applying the fondamental principle of dynamics, it can be shown that the differential
equation verified by x is

mi + ax + kxr = 0.

1. Solve the equation and give the solutions as a function of the parameters «, k
and m.

2. Give a physical interpretation of the observed behavior.



3 Polynomial functions and rational fractions

3.1 Polynomial functions

Exercise 3.1 (x).
Give the quotient and the remainder of the euclidean division of polynomial A by
polynomial B in the following cases.

1. A(z) =2" —22° +32* — 20+ 1; B(x) = 23 + 1.
2. Alz) =2+ 42 +3x—1; B(x) =2+ (1 + ¢ )z + 1.

Exercise 3.2 (x).
Find P € R[z| such that :

1. deg(P) =6, 1 is a double root, 3 is a triple root and P(0) = 1.

2. deg(P) =7, % is a simple root, 1 — ¢ is a double root, 3 is a simple root and
P(1) =2.

Exercise 3.3 (¥x).

1. Factorise, without using a discriminant, the following polynomials (look for tri-
vial roots).

Pi(z) =2*+9, Py(z)=2>—4x+3, Ps(z)=2"+62+8, Py(z)=2"-38l1
2. (a) Find P € R[z] of degree 2 whose roots o and [ verify
a+pf=2 and «af =6.

(b) Compute « et 3.

3. Let Q(x) = 2* + 10z — 1. Show (without computing the roots) that @ has two
real roots, whose signs are different.

4. Let R(z) = 2% — 22 + 10. Show (without computing the roots) that R has two
complex roots that are conjugates and whose real parts are positive.

Exercise 3.4 (x*).
Let P € R[z] defined as P(x) = 2* +22% + ax? + bx + 36 with a and b two real numbers.

1. Find (without computing the quotient) the remainder of the Euclidean division
of P by (z —1).

2. Find (without computing the quotient) the remainder of the Euclidean division
of P by (z* —1).

3. Show that there exists two real numbers a and b such that P has two double
roots belonging to Q (use the relations between coefficients and roots).

9



Exercise 3.5 ().
Let A(z) = a° 4 32 = 22% — 222 — 3z — 1.

1. Show that —1 is a multiple root of A and find its multiplicity.
(Hint : compute the derivatives of A)

2. Factorise A into a product of irreducible polynomials in R[z].

Exercise 3.6 (xx).

Let P(z) = 2° + 22* 4 62° + 822 = 8u.
1. Check that 0 and 2% are roots of P.
2. Deduce from the previous questions that B(z) = 23 + 42 divides P.
3. Compute the Euclidean division of P by B.

4. Factorise P into a product of irreducible polynomials in R[z] and then in C[z].

Exercise 3.7 (x % x).

1. Facorise P(z) = 2® — 1 and Q(z) = 2* + 4 in C[z] and in R[z].
2. Let P,(x) =2"— 1, n € N*,
(a) Compute the roots of P, in C.

(b) Deduce the factorisation of P, in Clz] and then in R[z].
(Hint : use the parity of n)

3.2 Polynomial functions : extension exercises
Exercise 3.8 (%x).
Let P € R[z], P(x) = 2* — 523 + az?® + bx — 10.

1. Show that there exists two real numbers a and b such that —1 and 2 are the two
only real roots of P.

2. Compute the other roots of P.

Exercise 3.9 (xx).
Let n € N*. Find the remainder of the euclidean division of z?"+z"+1 by (z—1)(z+1).

Exercise 3.10 (*x).
Let P(z) = 2" + 2% + 522 + 4z + 4.

1. Let j :—%—i—i\/?g. Compute j2 and 147 + 3 2.
2. Show that j is a root of P.
3. Deduce, without calculations, that Q(z) = 2% + z + 1 divides P.

10



4. Perform the euclidean division of P by Q.
5. Factorise P into a product of irreducible polynomial in R[z] and then C[z].

Exercise 3.11 (xx* ).
Let P be a polynomial of R[z], « = a+¢b € C with b # 0 and B(x) = z*> — 2Re(a)z +
o,
1. Show that B divides P if and only if « is a root of P.
2. Let n € N.
(a) Compute 3™ and j " where j = e’5" is a cubic root of unity.
(b) Let B(z) = 2> + 1 and P(z) = 2" + 1. For which values of n does B divides
P?
(c) Same question with B(z) =2*+ 2+ 1 and P(z) = 2™ — 1.

3.3 Rational functions

Exercise 3.12 (x).
We consider the rational functions :
2t —r+1 1
= — d F = )
a3 —1 o 2() (x+1)2(x2+ 2+ 4)

Fi(z)

1. Study of F.
(a) Is F irreducible ?
(b) Give the whole part of Fj.
(c) Give the poles of F} in Clz] and then in R[z|. Specify their multiplicity.
(d) Give the definition domain of F} in C and then in R.
(e) Decompose Fj into partial fractions in R and in C.

2. Same questions for Fj.

Exercise 3.13 (x).
Decompose the following rational functions into partial fractions in R :

3 22 — 6 1227 + 8z — 4
Ch(z) = —2— Gylz) = Gylz) = = o0 — 2
(@) 22 + 2z + 10’ 2() (22 — 3z +2)%’ () (22 —1)2
122" +82% —4

and  Gy(x) = G3(2?) = =172

11



Exercise 3.14 (xx).

1. Decompose the following function into partial fractions on R :

1
Fle) = z(x+1)(z+2)

2. Deduce for n > 4, the value of s,, and then lirf Sn, Where
n—-—+0oo

- - 1
S":kz_;F(k) :kz_;k(kﬂ)(km)'

Exercise 3.15 (x*).

1. Decompose the following rational functions into partial fractions on R :

4x 4x 4x

o=y 2O trmee sy B0 = i ne
4x

and - Ha(r) = (r+1)2(22 +1)2

2. Let the rational function H(z) = 1&%”:2’)“}2.

(a) Compute the partial fraction decomposition in R of H(t — 2).

(b) Deduce the partial fraction decomposition in R of H.

12



4 Limits, continuity and differentiability

Exercise 4.1 (x).
We consider a function f defined on a neighborhood of point a (except perhaps at point
a). What do the following statements mean ?

1. eR, Ie>0,In>0:VeeDy, |z—al <n=|f(z) - <e.
2. HeR, Ve>0,In>0 : Ve €Dy, |z —a| <n=|f(zx)—{ <e.
3. A eR, In>0,YVe>0 : Ve eDy, |z —a|<n=|f(x) - <e.

Exercise 4.2 ( *).

1. Let a and b be two real numbers. Show that
lla| — [b]| < [a —b].

2. Let f be a function that tends to ¢ when z tends to a. Show that the function
| f| tends to |¢| when x tends to a.

Exercise 4.3 (*x).

1. Show that for any a € R, any b € R, we have

a+b—la—Db
5 :

min(a, b) =

2. Let f,g: I — R be two differentiable functions on the interval I.
Let N ={z e I]| f(z)=g(x)}. We set for any = € I, h(z) = min(f(z), g(x)).
(a) Is the function A continuous on I\ N7 Is it differentiable on 1\ N7
(b) Is the function A continuous on [ ?

(c) Let xp € N. Study the differentiability of h at x.
(Hint : We could give two examples)

Exercise 4.4 (xx).
Let f: R — R be a continuous function at 0 such that

Ve e R, f(2z) = f(z).

1. We fix z € R. Prove that for alln € N, f(z) = f <2£n)
2. Show that f is constant.
(Hint : take the limit when n goes to +o0c in the previous equality)

13



Exercise 4.5 ().

1. Compute the limit at x =1 of :

2. Compute the limit at x = 0% of :

1
3. Compute the limit when x tends to +oo.
(a) fi(z) = (z —In(|z])) ",
(b) fQ(JU) _ L (e) fB(I) = v 12_51’4)7
22 + sin(x)’
sin(z) B 8z + 2
(C) f3(x) 4 (f) fﬁ( ) - (2SC+ 1)7 _ 111(%5)’
%+ 2 1
(8) fr(x) = (Va)™@.

Exercise 4.6 (x*).
We consider the four real functions defined below :

fiiz=V1—er, fo:xeIn(z® —1),

1. Study the definition, continuity and differentiability domains of these functions

1
f31$f—>m and f4:f30f2.

2. Compute the following limits (if they exist) :

lim fi(z), lim fy(x) and lim fy(x) where a=+1+e.
Tr—a

r——00 r—1+

3. Compute the derivatives of these functions.

Exercise 4.7 (% * x).
Let the functions f(z) = In(1 + z) and g(z) = 14%1

1. Compute the definition domain of f and g.
2. Do these functions belong to the C* class on their definition domain ?

3. Let n € N. Compute the n’th derivative of the function f.

14



5 Fundamental analysis techniques

5.1 Study of hyperbolic functions

In this section, we define three new functions called the hyperbolic functions. The
hyperbolic cosine and hyperbolic sine functions are the functions defined for any
r €R as

cosh(z) = ch(x) = % and sinh(x) = sh(z) = %

We called them sine and cosine due to the similarity between their definitions and the
Euler formulae. We also define the hyperbolic tangent function as :

sinh(z) e*—e™®
Vo € R, tanh(x) = cosh(z) it

Exercise 5.1 (x).

1. Check that ch is an even function, that sh is an odd function.

2. Prove that for any z € R,
e” = ch(z) + sh(z).

(These two functions are the odd and even parts of the exponential function).

3. Show that for any x € R,

1 = ch?(z) — sh?(z).

Theses functions are said to be hyperbolic because of their relation with an hyper-
bola. Indeed, consider ¢ to be any real number. Just as the points (cos(t), sin(t)) form a
circle centerd at 0 and of radius 1, the points (ch(¢),sh(t)) form part of the hyperbola
defined by the equation 2% — 3% = 1.

Exercise 5.2 (xx).

1. Analysis of the function sh.

(a) Give the definition domain, continuity domain and differentiability domain
of sh.

(b) Compute liril sh(z).
T—>+00
(c) Compute the derivative of sh, give the equation of its tangent at 0 and specify
its position relative to the graph of sh.
(d) Give the variation table of sh.
(e) Draw the graph of the function.

15



2. Same questions with ch.

3. Same questions with tanh.

As for the cosine and sine function, many formulae exist !

Exercise 5.3 (xx).
Let a and b two real numbers. Prove the following formulae :
1. ch(a+ b) = ch(a) ch(b) 4 sh(a) sh(b).

2. ch(a — b) = ch(a) ch(b) — sh(a) sh(b).

3. sh(a + b) = sh(a) ch(b) 4 sh(b) ch(a).

4. sh(a —b) = sh(a) ch(b) — sh(b) ch(a).
anh(a)+tanh(b

5. tanh(a + b) = 1t+tarsh)(;_)ttan1$(g) :
anh(a)—tanh(b

6. tanh(a B b) - ltftargh)(a)ttan}f(g) :

7. Deduce the following formulae :

ch(2a) = ch?(a) + sh?(a) = 2ch?(a) — 1 = 1 4 sh?(a),

sh(2a) = 2sh(a) ch(a),
2 tanh(a)

tanh(2a) = HTnhz(a) .

Exercise 5.4 (% x).
Let g be a function defined on R as g(z) = sh?(z) — 2ch(x).

1. Prove that for all z € R, g(2) = ch?(x) — 2ch(x) — 1.
2. Solve g(x) = 0. (Hint : set ch(z) =y)
3. Study the variations of g. Deduce the set of real numbers z such that g(x) < 0.

Exercise 5.5 (% * x).

1. Simplify the expression

ch(2In(z)) — sh(21In(z)) |

y:

2. Solve the equation
5ch(x) — 4sh(z) = 3.

16



5.2 Study of power functions

In this section, we set :
Vz € RY,Vy € R, z¥ = e,
Exercise 5.6 (x).
Let z € R%, y € R* and (o, 8) € R”.

Prove the following equalities :

1 potB — :130‘1}5; 3 o= 5. 2%y = (xy)*;
a e\ a®
« o af = . 6. " T
9. (JJ )5:1,5; 4. x = ; (y) ye

Exercise 5.7 (xx).
Let a € RY and f, a real-valued function defined on R as f,(x) = a”.

1. Give Dy,, D. and Dy respectively the definition, continuity and differentiability

domains of f,.
Compute for all z € Dy, f(z).
Compute lim f,(z).

r—r+00

Give, as a function of a, the variation table of f,.

AN N

Draw, as a function of a, the graph of the function f,.

Exercise 5.8 (% x *).
Let @ € R and g, a real-valued function defined on R as g,(z) = z°.

1. Give D,,, D, and D, respectively the definition, continuity and differentiability

domains of g, in the following cases :
(a) o € N; (b) € Z* ; (c) a e R\ Z.

From now, we will only consider o € R\ Z.
Study, depending on «, the continuity and differentiability of g, at 0.
Compute for any x € Dy, ¢, (z).
Compute ml_lgloo ga(2).
Give, as a function of «, the variation table of g,.

Study, depending on «, the convexity (or concavity) of g,.

L T

Draw, as a function of a, the graph of the function f,.

17



5.3 Study of functions

Exercise 5.9 (%x).
Study the variation and draw the graph of the following functions :

o — 4w
224+ 37+2
2
2. f2:x|—>exp<— T >;

2 —1

1. itz

3. f3:x— In(ch(x));

4. f42

120 + 60z + 1222 + 22
T+ x—1In
120 — 60z + 1222 — 23

5. fsrxm—ax—1—Va2—-1;

6. fo:x—(1—a)vVa?—1;

7. f7:xl—>tanh<x_1);

x+1

8. fs:xr—In(xln(x));

18



6 Inverse functions

Exercise 6.1 (x).

1. Let f: R — R be such that f(z) = x3. Show that f is a bijection from R onto
R and give its inverse function.

2. Let g : R, — R, be such that g(x) = x?. Show that g is a bijection from R,
onto R, and give its inverse function.

Exercise 6.2 (arcsin +x ).

Consider the function f : [—Z,%] — [—1,1] such that f(z) = sin(x).

1. Show that f is bijective and denote arcsin its inverse function.

2. Compute

3 15
arcsin(0), arcsin(—1), arcsin (%) ., and arcsin (sin (Tﬁ)) )

3. Give the largest sets F and F' on which

sinoarcsin = Idg and arcsinosin = Idg.

4. Plot the function z — arcsin(sin(z)) on R.
5. Show that arcsin is odd, increasing and continuous.
6. Show that arcsin is differentiable on | — 1, 1] and that

1

Vo €] — 1,1, arcsin’(z) =

(Hint : compute cos(arcsin(z)))

7. Plot the function arcsin.

Exercise 6.3 (arccos *).

1. Find the interval K of R such that the application
f:]0,7] 22+ cos(z) € K
is bijective.
We call Arccosine and denote arccos the inverse function defined from K to
[0, 7] as :

V(z,y) € [0,7] x K, cos(z) =1y < x = arccos(y).

19



2. Compute

3
arccos(0), arccos(—1), arccos <§) , and arccos (cos (

3. Give the largest sets E and F' on which

cosoarccos = Idg and arccosocos = Idp.

4. Study the function = — arccos(cos(z)) on R.
5. Show that arccos is decreasing and continuous on [—1,1].

6. Show that arccos is differentiable on | — 1, 1[ and that

1
V1—22

Vz €] —1,1[, arccos'(z) = —
7. Plot the function arccos.

Exercise 6.4 (Argsh xx).

1. Find the interval K of R such that the application
f:Rozm—sh(z)e K

is bijective.
We denote Argsh the inverse function of f.

)

2. Study the parity of Argsh and compute the limits of Argsh at the bounds of the

interval K.

3. Study the differentiability of Argsh and compute its derivative.

4. Show that for any x € K,

Argsh(z) = In(z + Va2 + 1).

Exercise 6.5 (Argch xx).

1. Find the interval K of R such that the application
f:Rysx—ch(zr) e K

is bijective.
We denote Argch the inverse function of f.
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2. Study the parity of Argch and compute the limits of Argch at the bounds of the
interval K.

3. Study the differentiability of Argch and compute its derivative.
4. Compute, for any x € K, the logarithmic expression of Argch.

Exercise 6.6 (Argth x).

1. Find the interval K of R such that the application
f:R>az—tanh(z) € K
is bijective.
We denote Argth the inverse function of f.

2. Study the parity of Argth and compute the limits of Argth at the bounds of the
interval K.

3. Study the differentiability of Argth and compute its derivative.
4. Compute, for any x € K, the logarithmic expression of Argth.

21



7 Differentiability

Exercise 7.1 (% * x).

1. Let f be the function defined as

fl@) = (a* = 1)(a" - 4).

Without computing f’, show that f’ cancels out exactly three times on R and
plot f.
2. Let n > 2 and (p, q) € R*. We denote by f the polynomial function define by

flz)=a2"+pr+q, z€eR

(a) Prove that f has at most 3 reel roots.
(b) We suppose that n is even. Show that f has at most 2 reel roots.

Exercise 7.2 (xx).

Using the mean value theorem, show that
1. Vz € (0,Z], 1 — cos(z) < .

2. Vz € (0,1),
1+2x 2z
2z < In <

1—x 1— 22

Give upper and lower bounds of In (g) and In (%)

Exercise 7.3 (% * x).

1. Let f and g be two continuous functions defined on [a,b] and differentiable on
Ja, b[ such that
Vo € (a,b), g'(x) # 0.

(a) Show that g(a) # g(b).

(b) Show that there exists ¢ €]a, b[ such that
fb) = fla) _ f'(c)
9(b) —g(a)  g'(c)’

(Hint : use the auxiliary function u(x) = f(x)—kg(x) with a carefully chosen
constant)

2. (L’Hospital rule) Let f and g be two continuous functions defined on an open
set I, differentiable on I except maybe on a point a € I.
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(a) Suppose that :

VoeI\{a}, g(z) #0 and lim ﬁgi -y

Prove that
@) @),
==a g(x) — g(a)
(b) Compute
2sin?(z) — 1
m-——.
e—1 tan(z) — 1
3.(a) Let a € I and f be a C' function on I\ {a} which is continous on a. Show
that if the limit of f’ in a exists and it is equal to ¢ then f € C'(I) and

fa)="¢.
(Hint : apply I’Hospital rule to f and g defined by g(x) = z)
(b) With the help of the following function

[ 2tcos (L) if 2 #£0
ﬂ@_{ 0 if =0

show that the converse of the previous result is false.

4. Applications :

sin(z) -
(a) Showthatx%){ : ii ng is C! on R.

(b) Let (a,b,c) € R* and f be the function defined for every x by

fo) = & if <0
) ax’+br+c if x>0

Determine for which real values a, b and ¢, the function f is C' (resp. C?) on
R.

Exercise 7.4 ().

Let f:]0,1] — R be a differentiable function such that

f0)=f(0)=f(1)=0 and [f(1)=1.
Defined the function g :]0, 1[— R by

sy 1) 1@ =1

x r—1

1. Show that g is continuous on 0, 1].
2. Compute lim g(z) and lim g(x).
z—07t z—1-

3. Show that g can be extended by continuity on [0, 1].
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8 Sequences of real numbers

Exercise 8.1 (Recursively defined sequences x).
Give the analytique expression of the sequences that follows the given recurrence equa-
tions :

1. (un)nen given by
Upto = dUpy1 — du,, VneN
Uy = 1, Uy = 0

2. (up)nen given by
{ 2Upyo = 3Upy1 — Uy, VN €N

UO:Lul:—l

3. (un>n€N given by
Upto = Upt1] — Uy, VR EN
Ug = 1, Uy = 2

Exercise 8.2 (Fixed point theorems x).
Let f be a function defined on an interval I of R. Consider a sequence defined with
up € I and for every n € N, u, 11 = f(uy).

1. (a) Show that if I is a stable of f, then the sequence (uy)nen is well defined.

(b) Suppose that I = [a,+00) with a € R. Show that if f is non-decreasing and
a is a fixed point of f, then [ is a stable set of f.

(c¢) From now on, I is supposed to be a stable set of f.

i. Show that if f is non-decreasing on I, then (u,),ey 1S a monotonous
sequence.

ii. Show that if f is continuous on I and if (u,),en converges to some ¢ € I,
then ¢ is a fixed point of f.

2. Examples :
(a) Study the sequence defined by ug € R and for any n € N, u, 1, = ud.
(b) Vn € N, w01 = % <un—|— %), with ¢ > 0 and ug > 0.

Show that the sequence (u,),en exists and study it.

Exercise 8.3 (*x).

1. Let f:[0,1] — [0,1] be continuous.
(a) Prove that f admits at least on fixed point in [0, 1].
(Hint : consider the auxiliary function u(z) = f(z) — x)
(b) Is this result true if f is not continuous?
(c) Is this result true if f is defined from |0, 1] to ]0, 1[ and continuous on ]0, 1[?
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2.

Let f,g:1]0,1] — [0, 1] be two continuous functions such that

fog=golf.
The goal of this question is to prove ad absurdio that f — g cancels at least once
on [0, 1].
We therefore suppose that

Ve e [0,1],  flz)# g(x).
(a) Show that
(Vo € [0,1], f(z) <g(z)) v (Vz € [0,1], f(z) > g()).
(b) Let zg be a fixed point of f. Let (x,)nen be a sequence defined by induction

Tpt1 = g(z,) for all n € N.

i. Show that for any n € N, z,, = f(x,).
ii. Show that (z,),en is monotonous and it converges towards a fixed point
of g.
(c) Prove that f — g cancels at least once on [0, 1].

Exercise 8.4 (Non increasing recurrence * x ).
Let (un)nen be the sequence defined by ug € (—oo, —1)URY. and up1 = f(u,) = 1+ i

1. Show that the sequence (uy,)nen is well defined.

2. Study the variation of f.

3.

4. Let g = f o f. Show that the fixed points of f are fixed points of ¢g. Find fixed

Find the fixed point of f.

points of g and adequate stable intervals of g.

Let uy > 0. Define the sequences (vy,)nen and (wy,)nen by Vn € N, v, = ug, and

Wy, = Uzpi1-

(a) Show that one of the two sequences (v, )neny and (wy,)nen i non increasing
while the other is non decreasing.

(b) Show that (v,)neny and (wy,)nen converge. Give their limits.

6. Study the sequence (uy,)nen-

Exercise 8.5 (¥x).
In this exercise, we use a sequence to approximate the solution of an equation. We will
consider the following equation :

sin(a) + 411 = a. (1)

Let f and g define as follows :

VeeR, f(x)=sin(z)+- and g(z)= f(z)—=x.
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1. Existence of the solution «.
(a) Give the variation table of g.
(b) Prove that there exists a € [0, 3] such that g(a) = 0.
(c¢) Deduce that « is a solution of (1).

2. Approximation of a.
We now define (uy,)nen by

ug € [O, g} and  upp1 = f(up).

(a) What happens if (uy,)nen converges?
(b) Give the variation table of f.
(c) Prove that [0, ] is a stable set of f (‘i.e. f([0,a]) C[0,a] ).
(d) Suppose that ug € [0, a.

i. Prove that for any n € N, u,, € [0, a.

(Hint : use induction)
ii. Using the sign of g, prove that (u,)en is non-decreasing.
iii. Deduce that (u,),en converges to a.

(e) What happens if u € (o, Z].
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9 Spare time

In this section, you will encounter some enjoyable mathematical problems.
Most of these problems can be solved using fundamental geometric properties.

Exercise 9.1.
Let (uy)nen+ such that

Upt2 = Upt1 T Uy, Vn > 1
U = 2, Us = 2024

Find wug.
Exercise 9.2. Exercise 9.3.
Find the area of the colored zone. Find the area of the rectangle.
4
/ 5
]

Exercise 9.4.
Find the area of the colored zone.

27




Exercise 9.5.
In this exercise, we suppose that the area of all the rectangles are the same. Find the

area of square ABCD.

Exercise 9.6.
In this exercise, we suppose that the areas of the colored zones are the same. The goal
is to find x.

20

10

Exercise 9.7.
Let (z,y) € R,. Suppose the following

4y = T8
Ty = 36

Find the value of z* + y*.
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Exercise 9.8.

Let four consecutive positive even integers such that the product of these four intergers
is 13440.

What are the integers ?

Exercise 9.9.
Let x € R,.

1. Solve the following equation :

x+\/x+\/x+\/x+---:441.

2. Solve the following equation :

Vo) =z, x>1.
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